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Durrett and Gfiffeath (1983) 1 contact process
family ( contact process




(i) $x$ $x\in\eta_{t^{-}}$ rate 1 $x\not\in\eta_{\mathrm{f}}$
(ii) $x$ $x\not\in\eta_{t^{-}}$ $\{x-1, x+1\}$ $t^{-}$
$N_{x}=|\eta_{t}-\cap\{X-1, X+1\}|$ (1)














basic contact process ( BCP ) Harris (1974)
$\theta=1$ $N=0$ $f(N)=0$ $N\geq 1$
$f(N)=\lambda$ threshold contact process (TCP)
BCP Reggeon quantum spin model
(Brower et al. 1978, Grassberger and de la Torre 1979) $0$ TCP
Dickman and Burschka (1988)
Ziff et al. (1986)





contact process family $\theta-$
contact process ( $\theta- \mathrm{C}\mathrm{P}$ )
$\theta- \mathrm{C}\mathrm{P}\eta_{t}$ interacting particle systems Liggett (1985)
$x\in\eta$ $\eta(x)=1_{\text{ }}x\not\in\eta$
$\eta(x)=0$ state space $X=\{0,1\}^{\mathrm{Z}}$ $X$
$C(X)$ $C(X)$ $f(\eta)$ formal
generator $\Omega$








rate $c(x, \eta)$ flip ( $\eta_{t}(x)=0arrow 1$ $\eta_{t}(x)=1arrow 0$)
(single spin flip dynamics) Markov semigroup $S(t)$ $s(t)f= \limarrow\infty(nI-$
(t/n)\Omega )- $\Omega$ (I identity $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}_{\mathrm{o}\mathrm{r}}$ ) $\lambda\geq 0,$ $\theta\geq 0$
$S$
.
$(t)$ Markov process $-$ $\theta- \mathrm{C}\mathrm{P}$ (3.
$\cdot$
)
graphical representation (Griffeath 1979, Durrett




attractiveness $\theta- \mathrm{C}\mathrm{P}$ $\theta\geq 1$ attractive
upper invariant measure invariant measure
$\nu_{\lambda,\theta}=\lim_{tarrow\infty}\delta 1S(t)$ . (7)






$\rho(\lambda, \theta)=\mathcal{U}\lambda,\theta\{\eta:\eta(x)=1\}$ . (8)
$\nu_{\lambda,\theta}$
$x\in \mathrm{Z}$ $\rho(\lambda, \theta)$ – order
parameter $\theta\geq 1$ $\lambda_{\mathrm{c}}(\theta)$
$\lambda_{\mathrm{c}}(\theta)$ $\equiv$ $\inf\{\lambda\geq 0:\rho(\lambda, \theta)>0\}$
$=$ $\inf$ { $\lambda\geq 0:P(\eta_{t}\neq\emptyset\forall t\geq 0)>0$ for any non-empty initial state}
$=$ $\sup$ { $\lambda\geq 0:P$( $\eta_{t}=\emptyset$ for some $t\geq 0)=1$ for any initial state}. (9)
$\lambda<\lambda_{c}(\theta)$ 1 extinct
$\lambda>\lambda_{c}(\theta)$ non-empty
( empty $\eta(x)=0\forall_{X}\in \mathrm{Z}$ )
$\theta- \mathrm{C}\mathrm{P}$
, extinction state
poisoned state survival state
active steady-state Durrett and Griffeath (1983)
$\lambda_{c}(\theta)$ $1\leq\theta\leq 2$ $\theta$ $(\lambda$ , \theta $)$ -
$(0\leq\lambda<\infty, 1\leq\theta\leq\infty)$ $\lambda=\lambda_{c}(\theta)$ extinction phase $(\lambda<\lambda_{c}(\theta))$
survival phase $(\lambda>\lambda_{c}(\theta))$




Liggett (1978) $\lambda_{c}(2)\leq 2$ $\circ$
Holley-Liggett $\mathrm{Z}$
$A$ renewal measure $\mu$
survival
$\nu_{\lambda,\theta}$ { $\eta$ : $\eta(x)=1$ for some $x\in A$ } $\geq\mu$ { $\eta:\eta(X)=1$ for some $x\in A$}. (10)
( Liggett 1985, PP.268-275 ) renewal measure $\{0,1,2, \ldots\}$
$f(n)$
$A=\{x_{1}, X_{2,\ldots,n}x\},$ $x_{1}<x_{2}<\ldots<x_{n}$




$\theta- \mathrm{C}\mathrm{P}$ upper invariant measure $\nu_{\lambda,\theta}$
$\nu_{\lambda,\theta}$ $\mu$ (10) $\mathrm{Z}$
$A$ 1 $f(n)$ $n$ logarithmically
convex function
$\frac{f(n)}{f(n+1)}\geq\frac{f(n+1)}{f(n+2)}$ (12)
$n\geq 1$ Holley and Liggett (1978) BCP
$(\theta=2)$ $\lambda\geq 2$ $f(n)$
$f(n)$ $\lambda\geq 2$ $\Sigma_{k=1}^{\infty}kf(k)<\infty$ (11)
$A=\{x\}$
$\mu\{\eta:\eta(x)=1\}=\frac{1}{\Sigma_{k=1}^{\infty}kf(k)}$ (13)
(8) (10) $\lambda\geq 2$ $\rho(\lambda, 2)>0$
(9) $\lambda_{c}(2)\leq 2$
Liggett $\theta- \mathrm{C}\mathrm{P}$ contact process 2 family
2 spatially inhomogeneous





Liggett $(1991\mathrm{a}, 1991\mathrm{b})$ $\theta\neq 1$
Holley-Liggett (1978) $\text{ }$ original $1\leq\theta\leq 2$
$f(n)$
1 (Katori and Konno $1993\mathrm{b}$) $1\leq\theta\leq 2$ $\lambda_{U}(\theta)$ 3
$\theta\lambda^{3}-(3\theta-2)\lambda^{2}-3(2-\theta)\lambda+(2-\theta)=0$ (14)
$\lambda_{c}(\theta)\leq\lambda_{U}(\theta)$ (15)





$2 \lambda f(n+1)+k1\sum_{=}^{n-}f(1k)f(n-k)-2(1+\lambda)f(n)=0$ $n\geq 3$
$\sum_{n=1}^{\infty}f(n)=1$ (16)
$\sum_{n=1}^{\infty}nf(n)<\infty$
$0<f(n)<1$ $\forall_{n\geq}1$ . (17)
(16) $x=(2-\theta)/\lambda+(\theta-1),$ $y=(2-\theta)+\theta\lambda$
$f(n)=F(n)-F(n-1)$ ,
$F(n)= \frac{1}{y^{n-1}}w(n, X)$ (18)
$w(n, x)$
$(n+2)w(n+2, x)-(2n+1)(1+x)w(n+1, x)-(n-1)(1-X^{2})w(n, X)=0$
$w(1, x)=w(2, x)=1$ . (19)
Gauss $F(a, b, c;z)$
$w(n, x)=( \frac{1+x}{2})^{n/2-}1\exp(\mathrm{i}(n-2)\varphi)v(n, \exp(-2\mathrm{i}\varphi))$ , $n\geq 2$ . (20)
$\exp(\mathrm{i}\varphi)=\sqrt{\frac{1+x}{2}}+\mathrm{i}\sqrt{\frac{1-x}{2}}$ ,





(20) $v(n, \exp(-2\mathrm{i}\varphi))$ 2 $\exp(-2\mathrm{i}\varphi)$ 1
Gauss $F(a, b, c;1)$ Gamma ( )
$f(n)$ Holley-Liggett (1978)
$1\leq\theta\leq 2$ $\lambda_{c}(\theta)$ BCP
Griffeath (1975) $\text{ }$ : $\lambda_{c}(2)\geq(1+\sqrt{37})/6=1.180\cdot\cdot$ .
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computer simulation ( ) BCP TCP
$\lambda_{c}(2)\simeq$ 1.649 (Brower et al. 1978, Konno and Katori
1990) $\text{ }\lambda_{c}(1)\simeq 1.742$ (Dickman and Burschka 1988, Dickman and Jensen 1991, Ferreira
and Mendiratta 1993) $0$ (Brower et al. (1978) $\text{ }D=1$ Reggeon quantum spin model
$\text{ }T_{\mathrm{c}}=0.60628\pm 0.00004$ $\lambda_{c}(2)$ Dickman and Jensen (1991)
A $\lambda$ $=0.574141(2)$ $\lambda_{c}(1)$ )






1 2 $\theta- \mathrm{C}\mathrm{P}$ coalescing dual process (coalescing
duality Katori and Konno $1993\mathrm{a}$ ) $1\leq\theta\leq 2$
$-$ duality Katori (1993) Gray
(1986) duality 2
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